Abstract. In this paper we study the existence of global weak solutions for a hyperbolic hemivariational inequalities with boundary source and damping terms, and then investigate the asymptotic stability of the solutions by using Nakao Lemma [8] .
Introduction
In this paper, we are concerned with the global existence and the asymptotic stability of weak solutions for a hyperbolic hemivariational inequality with nonlinear damping and source terms on the boundary: 2 , ν is the unit outward normal vector to Γ and ϕ is a discontinuous and nonlinear set valued mapping by filling in jumps of a locally bounded function b. The precise hypotheses on the above system will be given in the next section.
Recently, a class of hemivariational inequalities are studied by many authors [2, 6, 7, 11, 14, 15, 16, 19] . Most of them considered the existence of weak solutions for differential inclusions of various forms. Miettinen and Panagiotopoulos [6, 7] proved the existence of weak solutions for some parabolic hemivariational inequalities. Park et al. [14] showed the existence of a global weak solution to the hyperbolic hemivariational inequality with Dirichlet boundary condition and without source term by making use of the Faedo-Galerkin approximation, and then considered asymptotic stability of the solution by using Nakao Lemma [8] and Parks [15] investigated uniform decay rates of the solutions for a hyperbolic system with differential inclusion and memory source terms on the boundary by using the perturbed method.
The background of these variational problems are in physics, especially in solid mechanics, where nonconvex, nonmonotone and multi-valued constitutive laws lead to differential inclusions. We refer to [11, 12] to see the applications of differential inclusions. On the other hand, it is interesting to mention that the existence and nonexistence of global solutions for nonlinear wave equations with nonlinear damping and source terms in a bounded domain have been studied by many authors [4, 5, 10, 13, 18] in the past twenty years. Thus, in this paper we shall deal with the existence and the asymptotic behavior of a global weak solution for the hyperbolic hemivariational inequality (1.1) involving p-Laplacian, a nonlinear, discontinuous and multi-valued damping and nonlinear source terms on the boundary. As far as we are concerned there is a little literature dealing with asymptotic behavior of solutions for hemivariational inequalities with boundary source terms as studied in this paper. The difficulties come from the interaction between the p-Laplacian and boundary source terms.
The plan of this paper is as follows. In Section 2, the main results besides notations and assumptions are stated. In Section 3, the existence of global weak solutions to the problem (1.1) is proved by using the potential well method and the Faedo-Galerkin method. In Section 4, the asymptotic stability of the solutions is investigated by using Nakao lemma.
Statement of main results
Throughout this paper we denote 
Define the potential well
and Poincare's inequality yield
. For later purpose, we introduce the functional J defined by
Obviously, we have
where V * denotes the dual space of V and ·, · the dual pairing between V and V * . Then the operator A is bounded, monotone, hemicontinuous (see e.g. [3] ) and
Now, we formulate the following assumptions:
where µ 1 and µ 2 are some positive constants. 
We shall need a regularization of b defined by Definition. A function y(x, t) is a weak solution to problem (1.1) if for every
) and the following relations hold: 
and if p > 2, then there exists a constant C > 0 such that
where
In order to prove the decay rates of Theorem 2.2, we need the following lemma by Nakao (see [8, 9] for the proof) :
Lemma 2.1. Let φ : R + → R be a bounded nonincreasing and nonnegative function for which there exist constants α > 0 and β ≥ 0 such that 
Proof of Theorem 2.1
In this section we are going to show the existence of solutions to the problem (1.1) using the Faedo-Galerkin approximation and the potential method. To this end let {w j } ∞ j=1 be a basis in V which are orthogonal in L 2 (Ω). Let V n = Span{w 1 , w 2 , . . . , w n }. We choose y n 0 and y
Let y n (t) = n j=1 g jn (t)w j be the solution to the approximate equation
By standard methods of ordinary differential equations, we can prove the existence of a solution to (3.2) on some interval [0, t m ). Then this solution can be extended to the closed interval [0, T ] by using the a priori estimate below.
Step 1 : A priori estimate. Eq. 
Integrating (3.3) over (0,t) and using the assumption (H 1 ), we have
Since E n (0) → E(0) and E(0) > 0, without loss of generality, we assume that E n (0) < 2E(0) for all n. Now, we claim (3.6) y n (t) ∈ W, t > 0.
Assume that there exists a constant T > 0 such that y n (t) ∈ W for t ∈ [0, T ) and y n (T ) ∈ ∂W, i.e., I(y n (T )) = 0. From (2.3), (3.3), and (3.4), we obtain
and therefore
Combining this with (2.2) and using (2.4), we see that
where we used the fact that (m − p)/2(m − 1)p < 1. This gives I(y n (T )) > 0, which is a contradiction. Therefore (3.6) is valid. From (2.3), (3.5), and (3.6),
By (H 1 ), trace theorem and (3.7), it follows that 8) here and in the sequel we denote by c a generic positive constant independent of n and t. It follows from (3.7) and (3.
and since A : V → V * is a bounded operator, it follows from (3.9) that
Finally we will obtain an estimate for y
and hence we obtain from (3.9)-(3.11) that
Step 2: Passage to the limit. From (3.9), (3.10) and (3.12), we can extract a subsequence from {y n }, still denoted by {y n }, such that
) are compact and using the Aubin-Lions compactness lemma [3] , it follows from (3.13) that
Using the first convergence result in (3.13) and the fact that the imbedding
This implies that
On the other hand, we have from (3.14) that y n (x, t) → y(x, t) a.e. in Σ 0 and thus |y t) a.e. in Σ 0 . Therefore we conclude from (3.16) that ξ(x, t) = |y(x, t)| m−2 y(x, t) a.e. in Σ 0 . Letting n → ∞ in (3.2) and using the convergence results above, we have
Step 3: (y, Ξ) is a solution of (1.1). Let φ ∈ C 1 [0, T ] with φ(T ) = 0. By replacing w j by φ(t)w j in (3.2) and integrating by parts the result over (0, T ), we have
Similarly from (3.17) we get
Comparing between (3.18) and (3.19) we infer that Now, we show that Ξ(x, t) ∈ ϕ(y t (x, t)) a.e. in Σ 0 . Indeed, since y
Using the theorem of Lusin and Egoroff, we can choose a subset ω ⊂ Σ 0 such that
Letting n → ∞ in this inequality and using the last convergence result in (3.13), we obtain
Letting → 0 + in this inequality, we deduce that
and letting η → 0 + we get
It remains to show that ζ = Ay. From the approximated problem and the convergence results (3.13)-(3.16), we see that On the other hand, it follows from (3.17) that Therefore the proof of Theorem 2.1 is completed.
Asymptotic behavior of solutions
In this section we shall prove the decay rates (2.5) and (2.6) in Theorem 2.2 by applying Lemma 2.1. To prove the decay property, we first obtain uniform estimates for the approximated energy 
